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We shall give some congruences for the Bell numbers, and for the Stirling 
numbers, by investigating the elementary properties of p-adic integrals. ‘Cl 1991 
Academic Press, Inc. 
The Bell numbers B(n) and the second kind of Stirling numbers S(n, k) 
are defined by 
Exp(e’- l)= f B(n) 2, 
II=0 
and 
for k 2 1. These numbers are classical and important in number theory and 
in combinatorial analysis. Many authors investigated some properties of 
these numbers. But few congruences for them could be obtained. 
In the present paper, we fix a prime number p and prove the following 
congruences for these numbers. 
THEOREM A. Suppose n 2 1; then 
B(p”)=(B(p)-l)n+l (mod P). 
THEOREM B. Suppose 0 5 m 5 n and m E n (mod (p - 1) p’), and put 
N(k) = Min(m, e + 1). If N(k) > 0 then 
S(m, k) = S(n, k) (mod pNtk’). 
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Notation. Letpbeaprimenumberandq=pforp>2(q=4forp=2). 
Let QP be the field of p-adic numbers, ZP be the ring of p-adic integers, Z; 
be the group of units in Z,, vP be the p-adic valuation on Z, normalized 
by u,(p) = 1, 1 1 be the p-adic absolute value which is equal to pP”pcp’, and 
W be the group of (p - 1 )th root of unity in Z,, . Then Z,” = W x ( 1 + 42,); 
x = M)(X)(X), where w(x) (resp. (x)) denotes the projection of x onto W 
(resp. 1 + qZ,). Let R[ T] be the ring of polynomials for a ring R, R(T) be 
the rational function field of R, R[ [ T- l]] be the ring of power series of 
(T- 1) and #S be the number of elements of the set S. 
1. p-ADIC MEASURES AND POWER SERIES 
Let K be a finite extension of QP, and 0 be the ring of p-adic integers 
in K. Let {a,,} be a sequence of rational numbers, and A(t) be the 
generating function of {a,} as follows: A(t) = X,2 0 a, P/n!. We assume 
that A(t) is a rational function of e’. Hence we can take a rational function 
C(T) E O(T) with 
A(t) = C(e’). (1) 
Moreover, we assume that we can regard C(T) as an element of 
0 [ [ T - 1 ]I. As is well known, we have the one-to-one correspondences as 
follows (see [4, Chap. 121): 
O-valued measures on Z, ++ O[ [ T - 1 ] 1. 
Let c( be a O-valued measure on Z,, which corresponds to C(T); then 
C(T) = jz T’ da(z). 
P 
(2) 
By considering the nth derivatives, it follows from (1) and (2) that 
s zn da(z) =a,, (3) =, 
for n 2 0. Now we define the functions 
for SEZ,, and i=O, 1, . . . . p - 2. Note that f(s, oi, c() is called a p-adic 
r-transform. So we can see that f(s, oi, tl) is a p-adic analytic function on 
Z, (see C41). 
208 HIROFUMI TSUMURA 
For a non-positive integer n with n = i (mod p - 1) and 0 5 i < p - 1, 
f( -n, cd, a) = s, xfZ da(x) -i’ -KY” Act(x). (5) 
P p4 
Since CI is a O-valued measure, we can see that 
s xn dcc(x) = 0 (mod ~“1, (6) PZP 
from the definition of p-adic integrals. By (3), (5), and (6), we have 
f(-n,w’,cc)-a,, (mod p”). (7) 
On the other hand, we see that 
f( -m, co’, a) sf( -n, w’, cc) (mod p’+ ‘), (8) 
for Osmsn with m=n (mod(p-1)p’) and for Oli<p-1 with m- 
n = i (mod p - 1) (see [3, Theorem 11). 
By (7) and (8), we obtain the following lemma. 
LEMMA 1. In the above notations, 
a,=a, (mod P”), 
where N = Min(m, e + 1). 
2. PROOFS OF THEOREMS 
Let C(T)=Exp(p(T-1)); then we can see that C(T)EZ,[[~- l]], 
since u,(n !) 5 n/(p - 1) for n 2 1. We define the p-multiple Bell numbers 
Z’h PI by 
C(e’) = f P(n, p) 5. 
,1 = 0 
From the definition of the Bell numbers, we have 
where 1 “,I is the combination function. 
(9) 
(10) 
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From Lemma 1, we obtain the following: 
PROPOSITION 1. Suppose 0 5 m 5 n and m = n (mod(p - 1) p”); then 
fYm7 P) = ph p) (mod P?, 
for N = Min(m, e + 1). 
ForO~n,~n,~ . ..-Inp-.~pk,letj,=pk--n,,j,=n,--nz,...,j,_,= 
n 
p-2 -np-,, jp=np-,. Then 
From (lo), we have 
(11) 
P(p”,p)= 1 c . . . c pk! WI) . . . Wp). (12) 
j,zo j&O jp>O Jl!jZ!‘..jJJ! 
jl+j2+ ..-jP=p” 
Now we permute the set {jr, j2, . . . . jp} in a bigger order, and denote 
this permuted set by J( j,, j2, . . . . jp). Let S = (0, 1,2, . . . . p”}, SP be the 
p-tuple direct sum of S, and T= ( [r, , . . . . tp] E Sp; 0 5 t, 5 . . . 5 t,, 
t,+t,+ ... +t,=pk). Then we have 
kl 
PfP”, PI= 1 p . 
[I, f ] E T tl ! . . . t, ! 
~(t,)-*~(t,b4t,, ...> t,), (13) 
9 ‘P 
where A( t, , . . . . tp) = # { { jl, . . . . j,} E Sp; J(j,, . . . . jp) = Ctl, -., t,l}. 
LEMMA 2. Suppose [t,, . . . . tp] E T; then A( t,, . . . . tp) E 0 (mod p), with 
the exception of the case t, = . . ’ = t, = pk-l. 
Proof: Suppose t, = . . . = t, # t,,,+ , for 1 5 m < p; then 
A(t,, . . . . tp)= ’ 
I I 
. . . ~0 
m 
(mod P). I 
LEMMA 3. Suppose [t, , . . . . tp] E T; then pk !/t, ! . t, ! 3 0 (mod p), with 
the exception of the cases t 1 = . = t, _ , = 0 and t, = pk. 
Proof: Suppose 1, = ... = t,-, = 0 and t, # 0 for 1 2 m < p. Determine 
n,, n2, . . . . nppl by pk-n,=t,, nl-nnz=t,...np-,-nn,~,=t,~,, and 
n p-1= p-1. t Then n,=n,= ... =n,-,=pk and n,#pk. So 
pk! =/$I . ..I ::I... SO 
t,!...t,! 
(modp). 1 
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Proof of Theorem A. By using the above lemmas and (13), 
P(Pk? P) = PB(Pk) + (mod p’). 
Note that 
(14) 
(15) 
Suppose 1 5 i < p and 1 5 j< ipk; then 
ipk 
UP (I I) .i = v,(ipk) - uP( j). 
Hence we can see that the right-hand side of (15) ~0 (mod p) and $0 
(mod p’). On the other hand, it follows from Proposition 1 that 
P(P”, P) = P(P’, P) (mod pk), (16) 
for 15 k s j. By (14)-( 16), we obtain 
(mod P) (17) 
for 1 Sk5 j. Suppose 1 si<p and kz 1; then 
ipkP’ . 
i I 
k-, -1 (mod P ), 
P 
and 
(mod PI. 
Moreover it follows from Wilson’s Theorem that 
(p-l)!? -1 (mod ~1. 
By combining (17)-(20), we get 
B(pk) - B(p k-‘)PEB(pl)-B(pl-‘)P (mod PI, 
(18) 
(19) 
(20) 
BELL AND STIRLING NUMBERS 211 
for 1 5 kgj. Note that B(pk-‘)p E B(pk- ‘) (mod p) in both of the 
following cases: B(pkP’)rO and $0 (mod p). Note that B(p’)= 1. So 
inductively, we have the proof of Theorem A. 1 
Remark. Suppose p = 2. Since B(2) = 2, B(2”) = n + 1 (mod 2). SO B(2”) 
is odd if and only if n is even. In fact, the stronger results were proved 
in [l]. 
Proof of Theorem B. Let r(k)=u,(k!), and C(T)=prck’(T- l)k/k! for 
kz 1. Then C(T)EZ~[[T- l]]. Since 
C(e’) = f p”k’S(n, h) 5, 
n=O 
it follows from Lemma 1 that we obtain the proof of Theorem B. 1 
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